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THEORY OF THE ENDPOINT REGION OF EXCLUSIVE RARE B DECAYS
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In the ratio of ratios of rates for radiative and semileptonic decays of B and D to K∗ and ρ mesons
the non-computable form factors mostly cancel out. The resulting method for the determination of
|Vub| is largely free of hadronic uncertainties, raising the prospect of a precise determination of |Vub|.
1 Motivation and Results
The third row of the CKM matrix is poorly
determined because it involves the top quark.
Of the first two rows, the Vub element is the
least well known, with a precision of about
20% in its magnitude, |Vub|.
The measurement of |Vub| through inclu-
sive charmless semileptonic B decays is com-
plicated by the large background from charm-
full semileptonic B decays. Experimentally,
cuts may be imposed to suppress or elimi-
nate the background, but this introduces the-
oretical uncertainties. Some years ago it was
guessed1 that this method would eventually
reach a precision of 5%, but by now new com-
plications from theory have been discovered2,
so the eventual precision of the method is ex-
pected to be significantly worse.
Alternatively one may look to determine
|Vub| from exclusive semileptonic B decays,
such as B → πℓν or B → ρℓν. The difficulty
here is from theory: the form factors are not
well known. Eventually, unquenched lattice
QCD calculations may produce accurate form
factors (at least in a restricted region of phase
space, but that’s all that is needed to extract
|Vub|). However, the precision at the moment
is no better than3 20%.
In this talk I describe a method that re-
lies on exclusive decays which can be used to
determine |Vub| to high precision, possibly a
couple of percent. The trick is to let exper-
iment, rather than theorists, determine the
form factors. Hence, the main result of our
work4,5,6can be framed as a recipe for exper-
iment. Measure the ratio of B decay rates,
dΓ(B¯ → ρeν)/dq2
dΓ(B¯ → K∗ℓ+ℓ−)/dq2 =
|Vub|2
|VtbV ∗ts|2
·
8π2
α2
· 1
Neff(q2)
∑
λ |HB→ρλ (q2)|2∑
λ |HB→K∗λ (q2)|2
(1)
Here q2 is the invariant mass of the lepton
pair and the measurement must be done at
large q2 (the energy of the ρ or K∗ in the B
rest-frame must not exceed about 500 MeV).
The factor Neff(q
2) is provided by theory.
The ratio of helicity amplitudes,
RB(y) ≡
∑
λ |HB→ρλ (y)|2∑
λ |HB→K∗λ (y)|2
(2)
can be obtained experimentally, as follows.
Measure decays spectra for D → ρℓν and
D → K∗ℓν, and from it construct the ratio
RD(y) ≡
∑
λ |HD→ρλ (y)|2∑
λ |HD→K∗λ (y)|2
(3)
Once the ratios in (2) and (3) are expressed
in terms of y = EV /mV (V = ρ,K
∗), one
can safely replace one for the other,
RB(y) = RD(y)
(
1+O(ms( 1
mc
− 1
mb
))
)
(4)
In summary, to determine |Vub|, measure
the ratio of rates in Eq. (1), infer the ratio
RB(y) from semileptonic D decays, and com-
bine with the theory-provided Neff(q
2). At
NLL order, Neff(q
2
max) = 32.76, varying by
2% as the renormalization scale µ is varied
between 2.4 GeV and 9.6 GeV. The q2 de-
pendence is mild (and fully known).
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Table 1. Comparison of theoretical predictions of the double-ratio R1 of decay constants of heavy mesons
Method fBs/fBd fDs/fDd R1
Relativistic Quark Model8 1.10±0.21 1.09±0.22 1.01±0.40
Quenched Lattice9 1.16(1)(2)(2)(+4
−0) 1.14(1)(
+2
−3)(3)(1) 1.02(2)(4)(4)(
+4
−1)
Unquenched Lattice10 1.018±0.006±0.010
Quenched Lattice11 1.15±0.03 1.12±0.02 1.03±0.05
Unquenched Lattice11 1.16±0.05 1.12±0.04 1.04±0.08
QSR12 1.16±0.05 1.15±0.04 1.01±0.08
RSM13 1.10±0.01 1.08±0.01 1.02±0.02
2 Theory
2.1 Double ratios
Since the K∗ and the ρ mesons are similar,
one could hope that the hadronic uncertain-
ties would largely cancel in ratios. For exam-
ple, consider radiative decays:
Γ(B → K∗γ)
Γ(B → ργ) ∝
∣∣∣∣FB→K∗(0)FB→ρ(0)
∣∣∣∣
2
. (5)
The proportionality factor, which includes
calculable phase space, CKM and short dis-
tance QCD corrections, has been omitted
so that we may focus our attention on the
hadronic form factors, F = F (q2), which are
the main culprits for theoretical uncertain-
ties. In the flavor-SU(3) limit FB→K∗(0) =
FB→ρ(0) so the ratio in (5) is unity. However,
flavor-SU(3) symmetry is good to ∼ 30%.
One may try to improve this situation by
guessing that the ratio of form factor is sim-
ilar to the known ratio of decay constants,
FB→K∗(0)/FB→ρ(0) ≈ fK/fpi, but there is
no way of assessing precisely the error in-
curred, so this is not what we want for preci-
sion physics.
If we are willing to measure more quanti-
ties we can do better. The idea is to construct
a ratio of quantities that is fixed to unity by
two distinct symmetries. Consider, for ex-
ample, heavy meson decay constants. In the
SU(3) flavor symmetry limit, two ratios are
set to unity
fBs
fB
= 1 and
fDs
fD
= 1 (6)
Similarly, Heavy Quark Flavor Symmetry
fixes different ratios of the same quantities,
fBs
fDs
=
√
mc
mb
and
fB
fD
=
√
mc
mb
(7)
The ratio of ratios can be written as the ratio
of the two ratios in either (6) or (7), so it is
protected from deviating from 1 by the two
symmetries:7
R1 =
fBs/fB
fDs/fD
= 1 +O
(
ms
(
1
mc
− 1
mb
))
Table 1 demonstrates how well this
works. The ratio R1 is computed by differ-
ent theoretical methods, so the individual de-
cay constants and ratios differ significantly
between methods. But because all meth-
ods incorporate flavor and heavy quark sym-
metry the double ratio deviates from unity
by a couple of percent in all cases. Simi-
larly estimates of double ratios of form fac-
tors in semileptonic decays, B → D(∗)ℓν14,
B → (K∗, ρ)ℓν15 and B → (K,π)ℓν16, give
deviations from unity of a few percent.
2.2 Double ratio in B → ρℓν
Ligeti and Wise17 studied the use of double
ratios in the determination of form factors
in B → ρℓν. By measuring form factors in
B → K∗ℓ+ℓ−, D → K∗ℓν and D → ρℓν one
can use a double ratio to determine
f (B→ρ) ≈ f (B→K∗) f
(D→ρ)
f (D→K∗)
. (8)
There are three stumbling blocks to com-
plete this program:4
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Figure 1. Example of non-factorizable diagram con-
tributing to the “long-distance” amplitude for B →
K∗ℓ+ℓ−
1. The rates depend on several form fac-
tors, but the double ratio relates individ-
ual form factors. Measuring individual
form factors places additional demands
on experimental measurements.
2. There are form factors in B → K∗ℓ+ℓ−
that are not present in the semileptonic
decays.
3. There are long distance contributions to
B → K∗ℓ+ℓ− (mostly from B → K∗(cc¯)
with (cc¯)→ ℓ+ℓ−).
We address each problem in turn.
The solution to problem #1 above is
trivial. Let’s ignore for now the additional
form factors from tensor operators that enter
B → K∗ℓℓ (difficulty #2, above). Consider
the semileptonic decay rate
dΓ(B¯ → ρeν)
dq2
=
G2F |Vub|2
96π3m2B
q2|~q|
∑
λ=±,0
|Hλ|2 (9)
Here Hλ, λ = ±, 0 are helicity amplitudes.
The point is that the double ratio tech-
nique can be applied directly to the sums∑
λ=±,0 |Hλ|2. If we were comparing (B →
ρℓν)/(B → K∗ℓν) to (D → ρℓν)/(D →
K∗ℓν) we would have accomplished our goal.
The problem is that there is no B → K∗ℓν
decay. So we consider B → K∗ℓℓ instead, but
this introduces the additional complications
#2 and #3.
To address these issues, recall that the
effective ∆B = −∆S = 1 Hamiltonian,
Heff = −GF√
2
VtbV
∗
ts
10∑
i=1
Ci(µ)Qi(µ) ,
has four-quark operators Q1–Q6, e.g., Q2 =
(s¯c)V−A(c¯b)V−A, a transition magnetic mo-
ment operator,
Q7 =
e
8π2
mbs¯ασµν(1 + γ5)bαFµν , (10)
an analogous color moment operator Q8, and
vector and axial current operators
Q9,10 =
e2
8π2
(s¯b)V−A(e¯e)V,A (11)
The Wilson coefficients C9,10 are larger than
the rest. Roughly, at µ = mb one has
C9,10 ≈ 5, C2 ≈ 1, C1,7 ≈ 1/3, and the rest
much smaller. This is good news, since the
matrix elements of Q9,10 are given in terms of
the same form factors as for the semileptonic
decay.
The rate for B → K∗ℓℓ depends on
the tensor form factors from the operator
Q7. These form factors are given in terms
of the vector and axial form factors of the
semileptonic decays up to 1/mQ corrections
by heavy quark symmetry, provided y ∼ 1
(recall y = EV /mV ). One may write the rate
in terms of helicity amplitudes
dΓ(B → K∗e+e−)
dq2
=
4G2F |VtbV ∗ts|2α2
3m2B(4π)
5
×
q2|~q |
∑
λ=±1,0
{
|H(V )λ |2 + |H(A)λ |2
}
, (12)
and the form factor relations give
H
(V )
λ (q
2) = C9
(
1+δ(q2)+O(Λ/mb)
)
Hλ(q
2),
(13)
where δ(q2) = (2m2b/q
2)(C7/C9). It is not
the smallness of the correction δ(q2) that
matters, since it is computable. Rather, it is
that the corrections to the form factor rela-
tions, denoted by “O(Λ/mb)”, have an addi-
tional suppression of C7/C9 ∼ 10−1 allowing
for high precision in the method.
Finally we have to deal with the contri-
butions of the operators Q1–Q6. These are
the long-distance effects of difficulty #3 listed
above. Note, however, that the use of form
factor relations has forced us to work at q2
near q2max = (MB − MK∗)2. This is well
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Figure 2. ALEPH’s18 charged current form factor
from τ decay. Local quark-hadron duality is a poor
approximation in the resonant region but quickly im-
proves a few GeV2 above that.
above the threshold for charm pair produc-
tion. Since q2 is large we can perform an
operator product expansion (OPE) in inverse
powers of q2. To avoid positive powers of m2b
it is best to take
√
q2 ∼ mb and expand in
both large scales simultaneously. The “long-
distance effect” is replaced by a sum of local
terms that can be truncated given a desired
accuracy.
The good news is that the leading terms
in the expansion give rise to computable am-
plitudes: they are expressed in terms of the
same form factors that appear in semileptonic
decays. The bad news is that this OPE is
performed in the time-like region. It is ap-
plicable only to the extent that quark-hadron
duality is a good approximation. Fig. 2 shows
how quark hadron duality works in one exam-
ple, the form factor for the charged current
obtained from τ decay data. The bad news
is not so bad: since the “long-distance” ef-
fect is a small contribution to the B → K∗ℓℓ
rate, one can tolerate a 50% error in quark-
hadron duality without spoiling the determi-
nation of |Vub| to a few percent accuracy. No-
tice also that no assumption of factorization
was made.
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